SOME RESULTS ON SPACE-LIKE SELF-SHRINKERS 
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Abstract. We study space-like self-shrinkers of dimension n in pseudo-Euclidean 
space R™ +n with index m. We derive drift Laplacian of the basic geometric quan- 
tities and obtain their optimal volume estimates in pseudo-distance function. Fi- 
nally, we prove a rigidity result. 



1. Introduction 

Let M™ +n be an (m + n)-dimensional pseudo-Euclidean space with the index m. 
The indefinite flat metric on is defined by ds 2 = Y^i=i(dx 1 ) 2 — Yl™=n+i(dx a ) 2 ■ 

In what follows we agree with the following range of indices 

A, B, C, ■ ■ • = 1, • • • , m + n; i, j, k ■ ■ ■ = 1, • • • , n; 
s,t = 1, ••• , m; a, (3, ■ ■ ■ = n + 1, • • • ,m + n. 

Let F : M — > be a space-like n- dimensional submanifold in M™ +n with 

the second fundamental form B defined by Bxy d — (VxF)^ for X, Y 6 Y{TM). 
We denote (• • ■ ) T and (■ ■ • ) N for the orthogonal projections into the tangent bundle 
TM and the normal bundle NM, respectively. For v G T(NM) we define the shape 
operator A v : TM TM by A U (V) = -(Vyz/) T . Taking the trace of B gives the 

mean curvature vector H of M in M™ +n and H d =' trace(B) = B eiCi , where {e^} is a 
local orthonormal frame field of M. Here and in the sequel we use the summation 
convention. The mean curvature vector is time-like, and a cross-section of the normal 
bundle. 

We now consider a one-parameter family F t = F(-,t) of immersions F t : M — > 
]R™ + ™ with the corresponding images M t = F t (M) such that 

^F(x,t) = H(x,t), xeM 
F(x,0) = F(x) 

are satisfied, where H(x,t) is the mean curvature vector of M t at F(x,t). There 
are many interesting results on mean curvature flow on space-like hypersurfaces in 
certain Lorentzian manifolds [01 QUI Ell E2] • For higher codimension we refer to the 
previous work of the second author 
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A special but important class of solutions to (11. ip are self-similar shrinking solu- 
tions, whose profiles, space-like self-shrinkers, satisfy a system of quasi-linear elliptic 
PDE of the second order 



Besides the Lagrangian space-like self-shrinkers [21 EH E], there is no sufficient 
attention having been paid on the space-like self-shrinkers. It is in a sharp contrast 
to the situation of the ambient Euclidean space. The present paper is devoted to 
this problem. 

For a space-like n— submanifold M in we have the Gauss map 7 : M — > 

G™ m . The target manifold is a pseudo-Grassmann manifold, dual space of the Grass- 
mann manifold G„ im . In the next section we will describe its geometric properties, 
which will be used in the paper. 

Choose a Lorentzian frame field {e^, e a } in with space-like {ej} G TM and 

time-like {e a } G NM along the space-like submanifold F : M — > Define 
coordinate functions 

x l = (F, ei ), y a = -(F,e a ). 

We then have 

\F\ 2 = X 2 -Y 2 , 

where X = VE^iO^) 2 , Y = \/j2a=n+i(y a ) 2 - We cal1 \ F \ 2 the pseudo-distance 
function from the origin G M. 

We always put the origin on M in the paper. We see that |F| 2 is invariant under 
the Lorentzian action up to the choice of the origin in M™ +r \ Set z = \F\ 2 . It has 
been proved that z is proper provided M is closed with the Euclidean topology (see 
[3] for m = 1 and [H] for any codimension m). 

Following Colding and Minicozzi [5] we can also introduce the drift Laplacian, 
(1.3) £ = A - Uf, V(-)> = efdiv(e-*V(0)- 

It can be showed that C is self-adjoint with respect to the weighted volume e~^dfx, 
where d/i is the volume element of M with respect to the induced metric from the 
ambient space Km +n - m the present paper we carry out integrations with respect 
to this measure. We denote p = e~* and the volume form dp might be omitted in 
the integrations for notational simplicity. 

For a space-like submanifold in M™ +n there are several geometric quantities. The 
squared norm of the second fundamental form \B\ 2 , the squared norm of the mean 
curvature \H\ 2 and the w— function, which is related to the image of the Gauss map. 
In §3 we will calculate drift Laplacian C of those quantities, see Proposition 13.11 

In our case the pseudo- distance function z is always proper. It is natural to 
consider the volume growth in z. For the proper self-shrinkers in Euclidean space 
Ding-Xin [7] gave the volume estimates. It has been generalized in |3] for more 



SOME RESULTS ON SPACE-LIKE SELF-SHRINKERS 



3 



general situation. But, the present case does not satisfy the conditions in Theorem 
1.1 in [4]. However, the idea in [7] is still applicable for space-like self-shrinkers. In 
§4 we will give volume estimates for space-like self-shrinkers, in a similar manner as 
in [7j , see Theorem 14.11 

Finally, using integral method we can obtain a rigidity result as follows. 

Theorem 1.1. Let M be a space-like self-shrinker of dimension n in R 7 ^ 171 , which 
is closed with respect to the Euclidean topology. If \H\ has polynomial growth in the 
pseudo-distance z, then M is an affine n— plane. 

Remark 1.1. In the special situation, for the Lagrangian space-like self-shrinkers, 
the rigidity results hold without the growth condition (see [8\). Moreover, there is no 
example of non-planar space-like self-shrinker. We expect the rigidity results without 
growth condition in the general situation. 

Remark 1.2. Rigidity problem for space-like extremal submanifolds was raised by 
E. Calabi [I], and solved by Cheng- Yau |3J for codimension 1. Later, Jost-Xin 
generalized the results to higher codimension [Hj. The rigidity problem for space- 
like submanifolds with parallel mean curvature was studied in [H][l9] and [H] (see 
also in Chap. 8 of [18] ). 



In W^~ m all space-like n— subspaces form the pseudo-Grassmannian G™ m . It is 
a specific Cartan-Hadamard manifold which is the noncompact dual space of the 
Grassmann manifold G„ jm . 

Let P and A 6 G™ m be two space-like n— plane in i?™ +n . The angles between P 
and A are defined by the critical values of angel 9 between a nonzero vector x in P 
and its orthogonal projection x* in A as x runs through P. 

Assume that e\ , ■ ■ ■ ,e n are orthonormal vectors which span the space-like P and 
ai,--- , a n for space-like A. For a nonzero vector 



2. Geometry of G: 



'rn 



n,m 




its orthonormal projections in A is 




Thus, for any y G A, we have 



x*,y) = 0. 



Set 




We then have 
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Since x is a vector in a space-like n— plane and its projection x* in A is also a space- 
like vector. We then have a Minkowski plane R\ spanned by x and x*. Then angle 
6 between x and x* is defined by 

cosh0= 

\x\\x*\ 

Let 

W = (W i:j ) = 

Now define the w— function as 

w = (ei A • • • A e n , a\ A • • • A a n ) = det W. 

W T W is symmetric, its eigenvalues are fif, • • • , /x^, then there exist e\, • • • , e„ in P, 
such that 

Mi o 





in which /ij > 1 and //j = cosh#j. Then 

(2.1) w = J^coshfl-j = Y\ 1 — tanh^. 

i i V 1 ~ X i 

The distance between P and A in the canonical Riemannian metric on G™ m is (see 
[15] for example) 

d(P,A)=lYtf. 

For the fixed A G G™ m , which is spanned by {a^}, choose time-like {a n+s } such that 
{aj, a n+s } form an orthonormal Lorentzian bases of R^~ m - 

Set 

ei = cosh Oidi + sinh 9i(i n+ i 
e n+i = sinh 6^ + cosh^a^ ( and e n+a = a n+a if m > n). 
Then G T p M, e n+ j G N p M. In this case 

(2.2) tyj Q = (ei A • ■ ■ A e^-i A e Q A e i+ i ■ ■ • A e n , a x A ■ ■ • A a n ) 

(2.3) = cosh 9i cosh sinh d, t cosh cosh 6 n = Xiw5 n+i a , 

which is obtained by replacing e, by e a in w. We also have w ia jp by replacing ej by 
e/j in u> iQ ,. We obtain 

XiXjtu a = n + i,(3 = n + j 

(2.4) Wiaji3=\ —XiXjW a = n + j,/3 = n + i 

otherwise. 
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3. Drift Laplacian of some geometric quantities 
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The second fundamental form B can be viewed as a cross-section of the vector 
bundle Hom(0 2 TM, NM) over M. A connection on Hom(© 2 TM, NM) can be in- 
duced from those of TM and NM naturally. There is a natural fiber metric on 
Hom(0 2 TM, NM) induced from the ambient space and it becomes a Riemannian 
vector bundle. There is the trace-Laplace operator V 2 acting on any Riemannian 
vector bundle. 



and 



In [TB] we already calculate V 2 S for general space-like n— submanifolds in I 
Set 

Bij = B eiej = hfje a , S a/ 3 = hfjh i: j. 
From Proposition 2.1 in [16] we have 

(3_]_) (V 2 B, B) = (ViVjH, Bij) + (B ik , H)(B ih B kl ) — l-R -1 ] 2 — ^ S 2 p, 
where R 1 - denotes the curvature of the normal bundle and 

| R | ( Rei e j V a , Rei ej ) • 

Then from the self-shrinker equation (11.21) we obtain 

V t F N = \9i{F-(F,e j )e j )f 

= [e i -V i {F,e j )e j -{F,e j )V ei e j ] N 

(F, €j ) Bi j , 

ViVjF N = -Vi[(F,e k )B kj ] 

— ~^B k j — (F N , B ki )B k j — (F, e k )ViB k j 
= —Bij — (F N , B ki )B k j — (F, e k )V k Bij 
= —Bi j + {2H, B ki )B k j — (F, e k )W k Bi j. 

Set Pij = (Bij,H), then 

(3.2) ViVjH = l -B l3 - P kl B k3 + ±(F, e k )W k B iy 
Substituting (13. 2ft into (13.1 ft we obtain 

(V 2 B,B) = (-Bij, Bij) — (H, B ki )(B k j, Bij) + -(F,e k )(V k Bij, B,^) 
+ (B ik , H)(Bn, Bki) — IR^] 2 — ^ S^p. 

This also means that 

(3.3) (V 2 ^, B) = \(B, B) + \(F T , V(B, B)) - \R^\ 2 - £ S 2 ap . 



• m+n 
•m 
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Note that A(B, B) = 2(V 2 B, B) + 2(VB, VB), so 

A(B,B) = (B, B) + \(F T , V(B,B)) - 2\R^\ 2 -2£s^ 
(3-4) 2 t? 

+ 2(V5,V5). 

We denote 

|E| 2 = -(5,5) = I>*J' I VjB ' 2 = "<VB, VS>. 
|#| 2 = -(H,H), \VH\ 2 = -(VH,VH) 

then 

(3 .5) A|B| 2 = |fi| 2 + V|5| 2 ) + 2|^| 2 + 2 ^ 5^ + 2|Vi3| 2 

From f 13 . 2 j) we also obtain 

V 2 H =\h- P ki B kj + i(F, e fc )V fc #. 

Since 

A|#| 2 = -A(F, 5) = -2(V 2 #, 5) - 2(Vif, ViZ), 

we obtain 

A|tf | 2 = -2(^5 - P fci £ fci + e fc ) V fc #, 5) - 2(ViJ, WH) 

(3.6) 2 2 

= \H\ 2 + 2\P\ 2 + -(F T ,V\H\ 2 ) +2\VH\ 2 , 
2 

where |P| 2 = 

In the pseudo-Grassmann manifold G™ m there are w— functions with respect to a 
fixed point A e G™ m , as shown in §2. For the space-like n— submanifold M in R™ +n 
we define the Gauss map 7 : M — > G™ m , which is obtained by parallel translation 
of T p M for any p G M to the origin in M™ +n . Then, we have functions w o 7 on M, 
which is still denoted by w for notational simplicity 

For any point p G M around p there is a local tangent frame field {e^}, and which 
is normal at p. We also have a local orthonormal normal frame field {e a }, and which 
is normal at p. Define a w— function by 

w = (ei A • • • A e n , a\ A • • • A a n ) , 

where {a^} is a fixed orthonormal vectors which span a fixed space-like n— plane A. 
Denote 

eta = ex A • • ■ A e a A ■ ■ • A e n , 
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which is got by substituting e a for in ei A ■ • ■ A e n and e ia jp is obtained by 
substituting for ej in e ia . Then 

n 

V ej w = y^(ei A • • • V 6j .ej A • • • A e n , ai A • • • A a n ) 

8=1 
71 

= 2J(ei A • • • A Bjj ■ ■ ■ e n , ax A • • • A a n ) 

i=i 

n 

= y^^(e r --Ae a A"-Ae n ,QiA"-Afl n ) 
i=i 

n 



(3.7) 



i=l 



Furthermore, 

V e y ej w = (V ei V ej .(ei A • • ■ A e n ),ai A • ■ ■ A a n ) 

= J^(ei A • • • A V e .e k A - • • A A • • • A e n , ai A • ■ • A a n ) 

k^l 

+ 7~J(ei A • • ■ V ei V ej e fc A • • • A e n , a x A • • • A a n ) 

k 

(3.8) = J^(ei A ■ ■ • A B 3k A • • ■ A B u A ■ ■ -e n ,a x A ■ ■ ■ A a n ) 

(3.9) + ^( ei A • • • A (ViV jefc ) T A • • • A e n , a x A • • • A a n ) 

k 

(3.10) + ^(ei A ■ ■ • A (V^e*)* A • • • A e n , a x A • • • A a n ) 

k 

Note that 

@£S) = ^ tfjk h il{ e akPh fll A • • • A fln) 

(EHD = (ViVj-efc, e fc )tu = -(Vje k ,Vie k )w = -{B jk ,B ik )w = h% k h? k w 
d3lQD = -((V ! V J e fc f,e a )(e afcl a 1 A--Aa n ) 

= -((Vi(S ifc + V ej e fc )) Ar ,e Q )(e Qfc ,ai A • • • A a n ) 

= -{ViB jk , e a )(e ak ,ax A ■ • • A a n ) = -{V k B ij ,e a ){e ak ,a 1 A ■ • • A a n ), 
where we use the Codazzi equation in the last step. Thus, we obtain 

Aw = ^ h^ k h p u {el ph ai A • • • A a„) + |5| 2 w - {W k H,e a ){e ak ,ai A • • • A a n ), 

Since 

V i F N = -(F,e j )B ij , 
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from (jl.2p . we obtain 

V l H = \{F 1 e ] )B l3 
(3.11) 2 

(V i fr,e a > = --<F,e,>^. > 

so, 

(3.12) 



Aw = \B\ 2 w + ^2 h ik h ii{ e akpi, a% A • • • A a n ) + ^(F, e^/i^e^, a x A • • • A a n ) 

i,k^l 

\B\ 2 w + hf k h^(e am , a t A • • • A a n ) + -(F,Vw), 



i,k^l 

where (13 .7p has been used in the last equality. 

Proposition 3.1. For a space-like self-shrinker M of dimension n in IR™ +ra we have 

(3.13) C\B\ 2 = \B\ 2 + 2\R L \ 2 +2j2S 2 a p + 2\VB\ 2 , 

a,/3 

(3.14) C\H\ 2 = \H\ 2 + 2\P\ 2 + 2\VH\ 2 , 

I D|2 

(3.15) £(\nw) > 



w 2 



Proof. From (11. 3113. 5113. 6p . we can obtain ( 13 . 13[) and (I3.14p easily. 
From dl~3|3~T2|) we have 

Cw = \B\ 2 w + ^ h ikhii(e a kf3h ai A • • ■ A a n ) = \B\ 2 w + ^ h< ikhuW ak pi 

(3 16) h^¥^ i,k^l 

= \B\ 2 w + J2 ^HhU k h^ 1 - Kfh\ 

i,k^l 



Furthermore, since 



L[mw) = —Lw 



w w 2 



we obtain 

CQnw) = \B\ 2 + J2 Wtf*h$* - h^ l h^ k ) - 



w 



From (13.71) .we obtain 



n n n 



iv»i , =Ei^»i' = E(EE* 

j=l j=l i=l a 



a w- ) 2 



n n 



h n ^%wf = J2 K^kW 2 h^h n k f. 

j=l i=l i,j,k=l 
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in the case of m > n we rewrite (otherwise, we treat the situation similarly) 



w= E (/>r) 2 +E^r) 2 + EE(0 2 + EE^ 



j,k,a>n i,j j k<i j i<k 



So, we obtain 
(3.17) 

n 

i,j,k=X 



|s| 2 + E kx k Kfh«t k - E ^Kt k h n 3 t- E 



+fe 



E (^r^ + E^ + EE^ + EE^ 



j,k,a>n i,j j k<i j i<k 



1 + 1 

I k 



E A2 (^ +i ) 2 - E A *W fc ^ 

j,k,a>n i,j j k<i j i<k 



E ( h T) 2 + E(! - A2 )(^ + ') 2 + EE(0 2 

-2EE A ^W^ 4 
> E (^ +a ) 2 + E( 1 - A2 )(^ +J ) 2 + EE( 1 - A2 )(^ 

j,k,a>n i,j j k<i 

+ EE( 1 ~ A2 )K 



-k)2 

j i<k 



= E W'+E^-^W*) 2 

j,k,a>n i,j,k 

> e (^ +a ) 2 +ri( i - A2 )E(^ +fc ) 2 - 

j,k,a>n i i,j,k 

Noting (12.1 p the inequality ( 13 . 1 5|) has been proved. 

Remark 3.1. \3.15\) is a generalization of a formula (5.8) for space-like graphical 
self-shrinkers in [6j to more general situation. 

□ 



4. Volume growth 



To draw our results we intend to integrate those differential inequalities obtained 
in the last section. We need to know the volume growth in the pseudo-distance 
function z on the space-like submanifolds. In [H] the following property has been 
proved. 
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Proposition 4.1. (Proposition 3.1 in |14j ) Let M be a space-like n—submanifold 
in W^ +n . If M is closed with respect to the Euclidean topology, then when £ M, 
z = (F, F) is a proper function on M. 

we also need a lemma from [TJ: 

Lemma 4.1. If f(r) is a monotonic increasing nonnegative function on [0, +oo) 
satisfying f{r) < C]T n /(~) on [C 2 ,+oo) for some positive constant n,Ci,C 2 , here 
C 2 > 1, then f(r) < C^e 2 " 1 ^^ 2 on [C 2 , +oo) for some positive constant C 3 depend- 
ing only on n, Ci, C 2 , /(C' 2 ). 

Using the similar method as in [7] we obtain the following volume growth esti- 
mates. Obviously, it is optimal. 

Theorem 4.1. Let z = (F,F) be the pseudo-Euclidean distance of -R^ +m , where 
F £ -R^ +m is the position vector. Let M be an n— dimensional space-like self shrinker 
of K^ m , Assume that M is closed with respect to the Euclidean topology and £ M, 
then M has polynomial volume growth in z of order ~ at most. 

Proof. We have 



where the self-shrinker equation (11. 2p has been used in third equality. For our self- 
shrinker M n in W^~ m , we define a functional F t on any set ficMby 



Set B r = {pe M™ +n , zip) < r 2 } and D r = B r f] M. We differential F t (D r ) with 



(4.1) 



Zi = ei(z) = 2 (F,6i) , 
z^ d = Hess(z)(ei, ej) = 2 (<% - (F, e a ) h^) , 
Az = 2n-2 (H, F) = 2n+ (F N , F N ) = 2n - Y 2 , 




for t > 0. 



respect to t, 




Noting (jUD 



e«div(e ±tVz) = — Az -\ Vz-Vz 



(4.2) 




Since 



Vz = 2F T 
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and the unit normal vector to dD r is then 



(4.3) 



H(D r ) <7r-t(4t)-(f +1 ) ! -div(e~sVz)d 

J D r 

=7r-f(4t)-(t+D f -2Xe~^ <0. 

JdD r 



We integrate F{(D r ) over t from 1 to r 2 > 1 and get 



Then 



D r Ji3r 



: e * [ Idfi < — / e ^dfj, < I e ±d[i= / e 4 <i/i 



Dr ' JD r J D r J (D r \Dr)UDr 



r /n„ T 

(4.4) 

<e is / Idji + / l<i/u. 



„2 



Let V(r) = J Dr Id//, then by (03}, 

i r 

V(r) < 2e*r n V(-) for r sufficiently large (say, r > 8n). 
By Lemma [4. 1[ we have 

V{r) < C 4 e 2n(logr)2 for r > 8n, 

here C4 is a constant depending only on n,V(8n). Hence 

00 



r c 2 

/ e~U^=J2 e-%<J] e -^/(8n(j + l)) 

^ M j=0 "' D 8n(j + l)\-D 8 nj j = 

OO 2 

<C7 4 ^e _i ^e 2n(log(8n)+log(: '' +1))2 < C 5 , 
i=o 

where C5 is a constant depending only on n, V(8n). So we obtain our estimates. □ 



5. A RIGIDITY RESULT 



Now, we are in a position to prove a rigidity result mentioned in the introduction. 

Theorem 5.1. Let M be a space-like self-shrinker of dimension n in R^~ m , which 
is closed with respect to the Euclidean topology. If \H\ has polynomial growth in z, 
then M is an afftne n— plane. 
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Proof. Let rj be a smooth function with compact support in M, then by (13.141) we 
obtain 

1 -\Hf + \Pf + \VHfWp= 1 - [ (C\HfWp=U div( P V|W 



(5.1) 



rjpS7\H\ A ■ Vrj 



M 



2 / r ] p(V i H,H)-V lV 
Jm 



< / |v#|Vp + 



I \H\ 2 \Vr]\ 2 p. 
Jm 



We then have 

(5.2) / d|#| 2 + |P|Vp< / l#i 2 iVr?|V 

Let ?7 = (f)(— ) for any r > 0, where is a nonnegative function on [0, +oo) satisfying 

, n _ / 1 i/ are [0,1) 

(p[X) ~\0 if xe [2,+oo), 

and < C for some absolute constant. Since Vz = 2F T , 

1 1 F T 

r r y'z 

By (11.21) we have 



|Vr 7 r<^ T ^ = ^-C 2 (^ + 4|F| 2 ). 



It follows that (15. 2p becomes 



, ,o,A„^ 2 f 4IPP 



(5.3) / (-W + |P| ^ P<^/ + 

>/D r V z J r J D 2r \D r z 

By Theorem 14. II then if \H\ has polynomial growth, we obtain that the right hand 
side of (15. 3p approaches to zero as r — > +oo. This implies that H = 0. 

According to Theorem 3.3 in [T3] we see that M is complete with respect to the 
induced metric from M™ +Tl . In a geodesic ball B a (x) of radius a and centered at 
x G M we can make gradient estimates of |-B| 2 in terms of the mean curvature. 
From (2.9) in [T4] we have 

2 < fc 2m(n-4)q 2 
~~ (a 2 — r 2 ) 2 

Since M is complete we can fix x and let a go to infinity. Hence, \B\ 2 = at any 
x G M and M is an n— plane. □ 
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